Laser frequency combs based on erbium-doped fiber mode-locked lasers have shown great potential for compact, robust and efficient optical clock comparisons. However, to simultaneously compare multiple optical clock species, fiber laser frequency combs typically require multiple amplifiers and fiber optic paths that reduce the achievable frequency stability near 1 part in 10 16 at 1s. In this paper we describe an erbium-fiber laser frequency comb that overcomes these conventional challenges and supports optical frequency synthesis at the millihertz level, or fractionally 3 × 10 -18 τ -1/2 , by ensuring that all critical fiber paths are within the servo-controlled feedback loop. We demonstrate the application of this frequency comb as a synthesizer for optical clocks operating across a wavelength range from 650 nm to 2100 nm.
INTRODUCTION
Optical atomic clocks, which provide both stable and accurate timing with up to 18 digits of resolution [1, 2], represent extremely sensitive tools with which to study fundamental physics.
For instance, fine changes in the relative frequency of optical atomic clock transitions can be used to detect possible time variations of fundamental constants [3] [4] [5] [6] [7] , changes in the gravitational potential of the geoid at the cm-scale [8] , and have potential applications in dark matter and gravitational wave detection [9, 10] . However, these measurements often require the comparison of clocks based on different atomic species, whose transition frequencies can be separated by 100's of THz.
Optical frequency combs (OFCs), which act like optical frequency rulers, provide a means to bridge the gap in frequency between atomic clocks, while enabling both the relative comparison of optical atomic clock transitions, as well as absolute comparison to the current microwave atomic reference in 133 Cs [11] [12] [13] . Although OFCs have been an enabling technology in optical clock development, their ability to synthesize optical and microwave frequencies from atomic frequency standards and references has led to a host of additional applications [14] including, but not limited to, atmospheric trace gas detection, calibration of astronomical spectrographs [15, 16] , ultra-low-noise microwave generation [17, 18] , optical time and frequency transfer [19] [20] [21] [22] [23] [24] , as well as microwave timing synchronization in large-scale science facilities [25] [26] [27] .
In the past decade there have been significant improvements in the performance of optical reference cavities that serve as the local oscillator in optical atomic clocks. The development of high mechanical Q mirror coatings [28] and the operation of optical reference cavities at cryogenic temperatures [29] are projected to increase the stability of atomic clocks by nearly an order of magnitude over the current state-of-the-art. Consequently, high fidelity frequency synthesis with these optical frequency references will require optical frequency comb sources with equally good, or better performance.
Er:fiber-based optical frequency combs are widely used as optical synthesizers and dividers because they facilitate the possibility of compact design, as well as robust and turnkey operation [30, 31] . These advantages are in contrast to traditional Ti:sapphire-based OFCs, which have been the "gold-standard" in terms of performance [32] [33] [34] , but do not offer the immediate possibility for robust or continuous long-term operation. One drawback of Er:fiberbased OFCs is their natively low average output power (< 100 mW) and repetition rate (< 250 MHz), that often requires them to employ separate amplifiers and nonlinear fibers to enable access to multiple optical frequency references [35, 36] . This is often required because it is difficult to optimize the broadened spectrum generated in highly nonlinear fiber (HNLF) for simultaneous detection of multiple optical beat signals. Although more convenient for signal optimization, this "multi-branch" configuration results in uncompensated fiber paths that are outside the feedback loop of the laser and hence limit the measurement stability of these OFCs near or above one part in 10 16 at 1 second averaging [35, 37] . This level of residual noise is barely sufficient to support the current state-of-the art in optical atomic clocks [1, 2, 38, 39], and is above the level required to support the reported stability of cryogenic optical cavities [29] . A transfer oscillator scheme [40, 41] has been used to remove the noise of the uncompensated fiber paths but adds significant electronic and optical complexity to the system.
Alternatively, to address the noise limitations of the multi-branch approach we have developed an Er:fiber based OFC that uses a "single branch" detection scheme, as shown in Figure 1 . This approach uses a single optical amplifier and nonlinear fiber that are within the laser feedback loop and common to all optical paths. Consequently, this scheme enables the comparison of optical atomic frequency references with a 1 mHz frequency resolution in one second of averaging.
SINGLE BRANCH OPTICAL FREQUENCY COMB SETUP
The optical frequency comb (OFC) in our measurements is based on a self-referenced 180 MHz repetition rate Er:fiber ring laser whose pulse train is generated via nonlinear polarization evolution (NPE) [42] . For stabilization of the OFC, and for the measurement and comparison of the different optical atomic clock lasers, the output spectrum from the PM-HNLF is split into separate optical interferometers to obtain a heterodyne beat signal against the different clock lasers (see Figure   1 ). To minimize the timing errors contributed by the optical interferometer paths, the entire OFC setup is enclosed in an acrylic box and the light output from the HNLF is launched into free space before being spectrally split among the different heterodyne interferometers. The maximum non-common optical interferometer path was less than 1 m. Separate PPLN crystals are used for doubling light at 1314 nm to access the Ca clock laser at 657 nm and for doubling 2100 nm for self-referenced detection of f 0 . Dividing the spectrum at the output of the HNLF with dichroic beamsplitters and reusing light from the f-2f interferometer allows for efficient use of the broadened spectrum.
Stabilizing the OFC to an optical frequency reference requires locking both the laser repetition rate and the laser offset frequency. To stabilize f 0 , the optical beat signal between doubled light at the low frequency end of the spectrum (2100 nm) is compared against that at the high frequency end of the spectrum at 1050 nm using the f 0 interferometer as depicted in and compared against a hydrogen-maser referenced synthesizer. The resulting error signal is used in a feedback loop that actuates on a single OFC pump laser at 980 nm to control the laser gain with approximately 300 kHz of bandwidth. Similarly, the laser repetition rate is stabilized by photodetecting the optical heterodyne beat signal between one mode of the OFC and an optical frequency reference. The measured RF signal is filtered, amplified and compared against a second hydrogen-maser referenced synthesizer. The resulting error signal is sent to an intracavity EOM for fast control (~300 kHz bandwidth) of the laser cavity length and to a PZT to compensate long-range drift.
RESIDUAL COMB INSTABILITY MEASUREMENT
In the single branch measurement scheme for our Er:fiber based OFC, the amplifier and nonlinear fiber are common to all optical paths, and stabilization of f 0 and f rep compensates the noise of those optical components. However, any optical paths and electronics that are not common to the measurement of a second or third optical standard, as well as any imperfection in the stabilization of f 0 and f rep will result in frequency fluctuations that will contribute adversely to the measurement stability.
From the comb equation, the characteristic RF frequencies, f 0 and f rep , as well as the optical heterodyne beat between a single mode, N, of the OFC and an optical frequency reference, ν meas , absolutely determine the frequency of the optical reference as follows:
Imperfect stabilization of f 0 and f rep as well as the noise due to non-common mode paths will manifest themselves as fluctuations on f meas as follows:
Here, instability on the in-loop locked beat signal, fixed frequency resolution, the contributed measurement instability will scale linearly with frequency (e.g., when counting a signal at 100 MHz, the measurement instability will be 1 × 10 -18 at 1s.) Although the counters used did not all provide the ideal 12 digits of frequency resolution, we maintained a measurement limit on RF signals at least a factor of 2 below the noise of all of our measured signals.
To quantify the instability due to imperfect stabilization of the OFC we measured the inloop beat signals f 0 and f lock , whose instabilities were measured to be 1.40 × 10 -18 and 1.26 × 10 -18 at 1s, respectively on a 282 THz carrier. Although the synthesizers used as references and the amplifier chains (used to boost the RF beat signal from -60 dBm to 10 dBm) are within the laser feedback loops they are not common to the measurement of a second optical standard. The same is true for any uncommon optical paths. As a result, any frequency fluctuations from these non-common mode optical and electronic paths will be written onto the laser spectrum and will contribute added noise to the measurement of an out-of-loop optical frequency reference.
The noise in the RF amplifier chain was measured by splitting an RF signal from a maserreferenced synthesizer and sending one signal to a counter and the second through an amplifier chain to a second counter. By removing the correlated noise from the synthesizer we find that a single RF amplifier chain contributes an upper limit to the fractional frequency instability of 2 × THz, (see Figure 2 a ). To remove any sensitivity from out-of-loop optical paths, both the locked and measured beat signals were detected on the same photodetector. We compared the heterodyne beat from the doubled signal to the calculated quadrature sum, <δf 0 2 > + < δf lock 2 > + < δε 2 > and found that they agreed to within 1 part in 10 -19 . From this comparison we determined that there were no significant additional instability contributions from the OFC.
Thus, using Eqn. 2, we calculate that the total measurement instability of our single branch OFC to a second out-of-loop optical measurement is approximately 3 × 10 -18 at 1s on 282 THz. The total measurement instability of our system can be further reduced by shortening the uncompensated free-space optical interferometer path lengths, or conversely, by measuring multiple beat signals on the same detector or purging the acrylic enclosure.
In addition to the stability, we can place an upper limit on the frequency offsets 
CONCLUSIONS
We have developed and characterized the performance of a single branch Er:fiber frequency comb for the synthesis and comparison of optical atomic clocks. In our single branch configuration, the Er:fiber comb utilized a single PM EDFA and PM HNLF that were both within the laser feedback loop and common to all optical interferometers for stabilization of the offset frequency, as well as for characterization of the 6 optical standards at NIST. Due to the single branch design of the system, we were able to measure an out-of-loop residual instability of 1.78 x 10 -18 at 1s that averaged down as τ -1/2 on a 282 THz carrier. As summarized in Figure 4 , this instability is nearly two orders of magnitude below the reported 1s instability of the current state-of-the-art in optical atomic clocks [1, 2, 38] , and is one order of magnitude lower than the projected stability for next generation optical atomic clocks using a clock laser stabilized to a cryogenic optical cavity [29] . Additionally, the observed instability is better than that of a multibranch Er:fiber comb system that requires a transfer oscillator technique for noise cancellation to attain measurement instabilities below 1 x 10 -16 .
Finally, these measurements demonstrate that a single branch Er:fiber comb can perform at the similar level to OFCs based on Ti:sapphire lasers [32, 34] . As a result, an OFC based on an Er:fiber laser is an excellent potential candidate for use in an optical timescale for future redefinition of the SI second to an optical transition, and one that can support both the state-of-the art references of today, as well as those of the future. [29] . Additionally, we show the optical comparison between Yb lattice clock laser and Al + ion clock laser with the single-branch OFC (green crosses).
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